Purpose: Diffusion MRI measurements are typically acquired sequentially with unit gradient directions that are distributed uniformly on the unit sphere. The ordering of the gradient directions has significant effect on the quality of dMRI-derived quantities. Even though several methods have been proposed to generate optimal orderings of gradient directions, these methods are not widely used in clinical studies because of the two major problems. The first problem is that the existing methods for generating highly uniform and antipodally symmetric gradient directions are inefficient. The second problem is that the existing methods for generating optimal orderings of gradient directions are also highly inefficient. In this work, the authors propose two extremely efficient and deterministic methods to solve these two problems. Methods: The method for generating nearly uniform point set on the unit sphere (with antipodal symmetry) is based upon the notion that the spacing between two consecutive points on the same latitude should be equal to the spacing between two consecutive latitudes. The method for generating optimal ordering of diffusion gradient directions is based on the idea that each subset of incremental sample size, which is derived from the prescribed and full set of gradient directions, must be as uniform as possible in terms of the modified electrostatic energy designed for antipodally symmetric point set.
I. INTRODUCTION
Diffusion MRI (dMRI) is currently one of the most promising neuroimaging techniques 1-3 for studying neuroanatomy and neuropathology noninvasively and quantitatively. [4] [5] [6] Even though dMRI has been around for more than two decades now, there are still many challenges in obtaining high quality dMRI images. [7] [8] [9] Sensitization of MR images to the diffusion of water molecules entails the use of magnetic field gradient, hereafter diffusion gradient. The most widely used pulse sequence for diffusion studies was first developed by Stejskal and Tanner. 10 The Stejskal and Tanner pulse sequence utilizes two diffusion gradient pulses around the refocusing pulse in a spin echo pulse sequence to study of effects of diffusion to the spin echo signal. Diffusion Tensor Imaging (DTI) (Ref. 2) builds upon the Stejskal and Tanner pulse sequence to study anisotropic diffusion in a form of a symmetric 2nd order positive definite tensor by playing out the diffusion gradient in different orientations. Intrinsic measures related to biophysical properties of tissue microstructure, such as fractional anisotropy, mean diffusivity and several other measures can be derived from the diffusion tensor. 11, 12 Advanced measures capable of characterizing the integrity and dispersion of white matter fiber have also been developed recently in a series of papers by Koay et al. [13] [14] [15] These quantitative tensor-derived measures have been found useful in preclinical, clinical, and imaging applications. [16] [17] [18] [19] [20] [21] However, it has also been reported that the diffusion tensor as a model of local fiber orientation may not be suitable for complex tissue architecture in which cross or kissing fibers are prevalent. [22] [23] [24] [25] Many new and sophisticated approaches, 22, 23, [26] [27] [28] [29] [30] [31] e.g., High Angular Resolution Diffusion Imaging (HARDI), [22] [23] [24] Q-Ball Imaging, 26, 31 and Persistent Angular Structure (PAS) MRI, 28 Diffusion Orientation Transform (DOT), 29 have been developed to resolve multiple fiber orientations on a per voxel basis. It should be pointed out, however, that the number of unique gradient directions needed to resolve complex multifiber tissue structure and to produce minimally corrupted dMRI data is usually in the hundreds.
Among the many studies on the relative merits of various collections of diffusion gradient sampling orientations or directions, 7, 8, 32, 33 it is well accepted that the uniformity of the diffusion gradient directions, which may be conceptualized as unit vectors, plays an important role in the precision and accuracy in the final estimate of any dMRI-or tensor-derived quantities. It was first suggested by Jones et al. 7 that the diffusion gradient vectors should be endowed with antipodal symmetry. Because diffusion MRI measurements are acquired sequentially with distinct unit gradient directions, it has been shown that different orderings (or sequences) of the gradient directions have different effects on the quality of tensorderived quantities 34, 35 obtained from partial scan or some subset of the complete measurements. Notably, optimal ordering of the diffusion gradients can reduce the negative effects of subject motion and gradient heating 36 on image quality. Even though several methods 34, 35, 37 have been proposed to generate optimal orderings of gradient directions, the fact that these methods have not been in routine clinical use may be attributed to two major problems of computational inefficiency. The first problem is that the existing methods 7, 35 for generating highly uniform and antipodally symmetric points on the unit sphere are iterative and inefficient, which may take up to many minutes to several hours without guaranteed convergence. However, we would like to make clear that the first problem in and of itself is not a critical hindrance on wide clinical use because some commonly suggested point sets can be tabulated and have indeed been circulated for research use. 7, 35, 38 The second problem is that previously proposed methods 34, 35 for generating optimal ordering of gradient directions are based upon simulated annealing, which is inefficient. The method of Cook et al. 35 took about 22 h to generate the ordering of 60 points (according to our own assessment), and 137 h for a set of 150 points (according to Deriche et al.
37
). Deriche et al. 37 proposed an alternative approach by substantially cutting down the computational cost but at the expense of uniformity of the intermediate subsets and the final point set.
The aim of this work is to show that the problems of generating and of optimally ordering the diffusion gradient directions can be solved deterministically and very efficiently with the hypothesis that the computational complexity can be established to be on the order of O(n 2 ). Here, we present two extremely efficient and deterministic methods to solve these problems mentioned above without sacrificing uniformity of either the intermediate subsets or the final point set. These two problems are, in our opinion, the major hurdles to making optimally ordered gradient schemes more widely adopted in clinical studies. Our proposed methods, can generate highly uniform and antipodally symmetric points on the unit sphere, which was built upon our recent works, 39, 46 and optimal orderings of gradient directions of comparable uniformity in less than a second for a sample size of several hundreds of points, which is about six orders of magnitude faster than the method by Cook et al.
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II. METHODS II.A. Deterministic scheme for generating highly uniform and antipodally symmetric point set Several deterministic schemes for generating highly uniform points on the unit sphere have been proposed, [39] [40] [41] [42] but none of these point sets is endowed with antipodal symmetry, i.e., if the unit vector,x, is a member of the point set, S, then Àx is also a member of S.
In this section, we will focus on a special extension of our recent work for generating highly uniform point set on the unit sphere with antipodal symmetry. 46 For the sake of brevity, we will present the basic idea behind our method and present the algorithm associated with this special extension, which is based upon the use of the asymptotic solution of a particular nonlinear equation to be discussed later.
The basic idea behind our recent method for generating nearly uniform point set on the unit sphere (with antipodal symmetry) is based upon the notion that the spacing between two consecutive points on the same latitude should be equal to the spacing between two consecutive latitudes. Furthermore, it is necessary to estimate the number of points needed for each equally spaced latitude on the upper hemisphere, so as to make the complete set of points as uniformly distributed on the upper hemisphere as possible.
Let's choose a number, N, and let it be the desired number of points on the upper hemisphere. The total length, L, of the curve on which the spherical points are placed are simply the sum of the circumference of all the latitudes, which is given by:
where n is the number of latitudes, which should be rounded to the nearest integer and needs to be estimated. Further, the polar angles, h i 's, are defined as:
wheren denotes the estimated n. By equating the spacing of the latitudes, which is p=ð2nÞ, and the spacing between points, which is L=N, we arrive at the nonlinear equation for the unknown n:
Since the number of latitudes, n, increases with the number of points, N, we can find the asymptotic form of Eq. (3), [keeping the first term in the Taylor expansion of the sine function in Eq. (3) with respect to n], and round the solution to the nearest integer, which is given by:
Please note that the symbol, ½ , is referred to numerical rounding operation, i.e., rounding to the nearest integer. Although Eq. (4) is derived from the asymptotic expression when N is large. It turns out that the solution of Eq. (4) works well even when N is as low as 10 but, in terms of uniformity of the point set, we recommend using the proposed point set when the desired number of points is greater than 20. Point sets with small sample size can be found through iterative method, such as Nelder-Mead simplex optimization 7 and some of these point sets have been tabulated for public use. 38 Let k i be the number of points at latitude, h i , it can be shown that k i 's are given by the following expressions:
Therefore, the point set on the upper sphere is given by the following expressions in spherical coordinates, ðh i ; / i;j Þ:
We should note that the transformation from spherical to Cartesian coordinates is based on the following expressions:
x ¼ sinðhÞ cosð/Þ, y ¼ sinðhÞ sinð/Þ, and z ¼ cosðhÞ.
As an illustration, we show here the proposed point sets with N ¼ 30; 50; 188, see Fig. 1 .
II.B. Deterministic scheme for generating optimal ordering of diffusion gradient directions
The motivation behind the ordering of diffusion gradient directions is driven by practical considerations. Optimal ordering of diffusion gradient directions plays a very important role in salvaging as much information as possible from partially completed dMRI scan in the event that the scan has to be interrupted unexpectedly. 34, 35 Therefore our proposed method of achieving optimal ordering of diffusion gradient directions is based on the idea that each subset of incremental sample size, which is derived from the prescribed and full set of gradient directions, must be as uniform as possible in terms of the modified electrostatic energy designed for antipodally symmetric point set. Our approach to solving this problem, is deterministic and extremely efficient, which can be shown to be on the order of OðN 2 Þ. First, we shall introduce certain graphical representations to facilitate our discussion of our proposed method. Figure 2 shows a sequence of pairs of points. Each pair consists of a point, r i1 , for some i 2 f1; Á Á Á ; Ng and its antipodal counterpart, r i2 , i.e., r i1 ¼ Àr i2 . The r i1 's may be obtained from the deterministic scheme discussed above.
The goal here is to obtain subsets of incremental sample size, i.e., two-pair subset, three-pair subset, and so on until the full set shown in Fig. 2, which 
between two pairs of points, ðr i1 ; r i2 Þ and ðr j1 ; r j2 Þ, is given by:
where C ij is the energy of the cross-term, which is given by:
Although Eqs. (9) and (10) are equivalent mathematically, it is computational more efficient to use Eq. (10) because it is a function of only one term, r i1 À r j1 . More importantly, it should be clear that we can gain significant efficiency in computation by keeping the values of C ij 's rather than those of the coordinates of r i1 's in the computer memory. Second, it is assumed that the first pair has been selected and the first step of our algorithm is to find the best two-pair subset. The best strategy we found is to use an N dimensional array, R i , with i ¼ 0; Á Á Á ; N to keep track of all the updates in energy computation and the first R, denoted by R 0 , is defined as:
To find the best two-pair, we first update R 0 to obtain R 1 by adding the cross-terms, C 1j from j ¼ 2; Á Á Á ; N as follows:
and we then locate the lowest energy term in R 1 but without taking the first term into consideration. Then, we swap the lowest energy term and its corresponding pair of points with the second term in R 1 and the second pair of points, respectively. The second, step is to find the best three-pair subset that includes the best two-pair subset as its member. Similarly, we first update R 1 to get R 2 by adding the cross-terms, C 2j , from j ¼ 3 Á Á Á N: R 2 ¼½m 1 ;m 2 þC 12 ;m 3 þC 13 þC 23 ;…;m N þC 1N þC 2N ; (13) and then locate the lowest energy term in R 2 from the third component onward. Again, we swap the lowest energy term and its corresponding pair of points with the third term in R 2 and the third pair of points, respectively. It is clear that the above procedure can be continued to find larger and larger subsets that are the best among their respective classes until we reach the final R, which is R NÀ1 . Note that there are 5ðN À iÞ number of operations in the i-th step above, which consist of 4ðN À iÞ operations to compute all the cross terms and ðN À iÞ searches to find the lowest energy term. Since the total number of steps is N, we have about 5ðN
2 À NÞ=2 operations in total, i.e., OðN 2 Þ. It is interesting to note that the electrostatic of each subset is contained in R NÀ1 . Specifically, the energy of the k-pair subset is given by:
Note that ðR NÀ1 Þ i refers to the i-th component of R NÀ1 .
II.C. Ordering for diffusion gradient directions with multiple b-values
Increasingly, dMRI measurements are acquired in threedimensional grid or multiple spherical shells. 43, 44 In the case of multiple spherical shells with different b-values, see Fig. 3(a) , we suggest using our proposed ordering scheme on each shell and then using the following diagonal ordering (or Cantorian ordering, in honor of Georg Cantor who proved the set of rational numbers is countable using a similar diagonal method on a square grid) shown in Fig. 3(b) to traverse across different shells. The goal of this approach is simply to cover different shells and different points on each shell as quickly and fully as possible. It avoids the problem of collecting the points shell by shell, which may adversely affect the quality of diffusion MRI reconstruction should the scan be unexpectedly interrupted after the first shell was acquired.
Under the simple and special condition of every shell having the same number of points, say J, and with K as the number of shells, it can be shown that the ðtÞ-th point under the Cantorian ordering can be expressed in terms of its corresponding Cartesian indices of p-th row and q-th column in the following expressions:
where x p þ q À 1. As an illustration of Eq. (15), it is shown in Table I an example of the Cantorian ordering of four shells with six points on each shell.
III. RESULTS
Since it is well accepted that optimal ordering of gradient directions should be used in any diffusion MRI protocols, 45 our aim in this section is to show that our approach have comparable uniformity across all subsets.
To compare our ordering scheme with those of Dubois et al. 34 and Cook et al., 35 we used their respective orderings of 60 points in this investigation. Figure 4 shows the comparison of these three ordering schemes. The electrostatic energy of the each subset of size p(equivalently, if we consider both the point set and its antipodal counterpart then the actual size used for computing the electrostatic energy is 2p) is normalized with respect to the electrostatic energy of the point set of size 2p generated by our previous analytically exact spiral scheme. 39 The rationale of normalizing the electrostatic energies with respect to the analytically exact spiral scheme is that the uniformity of points generated by analytically exact spiral scheme is well preserved even when the desired number of points is small, say 4.
We also evaluated our proposed scheme in terms of computation time needed to generate both the point sets and the orderings. Figure 5 shows the results of execution time in seconds. For the case of the 60-point set and the 150-point set, the execution time was about 10 ms on both cases. We also evaluated the performance of the method of Cook et al. on the 60-point set and the method took about 22 h. Therefore, the proposed method was about six orders of magnitude faster than the method of Cook et al. The performance evaluations above were done on a laptop with Intel Core i7 CPU at 1.73 GHz. We should note that the minor variation in execution times seen in Fig. 5 may be due to some features of CPU optimization such as dynamic overclocking that are inherent in Intel Core i7 processors. Nevertheless, it is important to note the curve of the execution time as a function of the number of points follows the O(N 2 ) trend.
IV. DISCUSSION
The goal of this work is simple, which is to remove the two major hurdles that have been hampering the use of optimal ordering of diffusion gradient directions in clinical studies.
The removal of these major hurdles entails a shift in both our approach for generating the spherical point set that is endowed with antipodal symmetry and our approach for ordering the diffusion gradient directions. Notwithstanding the fact that it may still be desirable to seek a more uniformly distribution point set through iterative minimization, it should be clear from our work that it is not necessary to resort to heuristic approaches to solve the problem of optimally ordering of the diffusion gradient directions. We should note that it is due to the lack of an efficient scheme for generating antipodally symmetric point set that motivated Deriche et al. 37 to propose a computationally efficient approach for generating an alternative ordering but at the expense of uniformity in most subsets. Besides computational efficiency, the proposed method is novel in the sense that it provides comparable performance in terms of uniformity and consistent output. Consistency is important and convenient for comparability in large scale group analysis of diffusion MRI data.
It is very encouraging to see that our approach is of comparable or even better performance in terms of uniformity compared to the existing methods, see Fig. 4 . The main advantage of our proposed schemes is computational efficiency, see Fig. 5 . As pointed out by Deriche et al., 37 the method of Cook et al. 35 took about 137 h (on a 3.4 GHz processor) to generate their optimal ordering of 150 diffusion gradient directions under the default stopping criterion. Our performance evaluation of the method of Cook et al. on the 60-point set showed that the method took about 22 h, while our proposed method took about 10 ms. It is clear that our approach is significantly more efficient than that of Cook et al. 35 by at least six orders of magnitude. Diffusion MRI measurements are increasingly being acquired with multiple spherical shells with different diffusion-weightings. It is our hope that the Cantorian ordering suggested above may facilitate acquiring dMRI data more robustly and optimally. We should note that the problem of finding the functional expressions [similar to Eqs. Finally, we should point out that our proposed schemes can also be used in 3D radial MRI acquisition in which the number of projections is in the order of several thousands. Optimal view-ordering in 3D radial fast spin echo based on the proposed method is currently under investigation and we shall present our findings in the near future.
ACKNOWLEDGMENTS
CGK dedicates this work to the memory of Master P'ng Chye Khim. The authors would like to thank Professor Rachid Deriche and Professor Maxime Descoteaux for helpful discussion. The authors would like to thank the reviewers for very helpful comments. This work was supported in part by the National Institutes of Health IRCMH090912. The proposed point sets with optimal ordering and related software will be made freely available for research use at URL: http:==sites.google.com=site=hispeedpackets=.
a)
Author to whom correspondence should be addressed. Electronic mail: cgkoay@wisc.edu 1
